Solutions Homework 12 by Alberici, Diego
HOMEWORK 12, CALCULUS AND LINEAR ALGEBRA, 2015/2016
Assigned 02/25/2016, due 03/03/2015, collected from 2pm to 2.15pm sharp!
Name and Family Name (CAPITAL LETTERS):
MATRICOLA N.:
Exercise 1
Consider the function
f(x, y) = 2xy − 5x2 − 2y2 + 4x− 4 .
a) Compute the gradient and the Hessian matrix of f .
b) Find and classify the critical points of f .
Solution:
a)
∇f =
(
2y − 10x+ 4
2x− 4y
)
, H f =
(−10 2
2 −4
)
.
b) The critical points of f are the solutions of
∇f = 0 ⇐⇒ 2y − 10x+ 4 = 0, 2x− 4y = 0 ⇐⇒ x = 4
9
, y =
2
9
.
Since (H f)1,1 = −10 < 0 and detH f = 36 > 0, the Hessian matrix of f is negative-definite at every
point (x, y) (in particular at the critical point of f). Therefore ( 49 ,
2
9 ) is a maximum point for f .
Exercise 2
Consider the function
f(x, y) = ex
2+xy+y2 .
a) Compute the gradient and the Hessian matrix of f .
b) Find and classify the critical points of f .
Solution:
a)
∇f = ex2+xy+y2
(
2x+ y
x+ 2y
)
, H f = ex
2+xy+y2
(
2 + (2x+ y)2 1 + (2x+ y)(x+ 2y)
1 + (2x+ y)(x+ 2y) 2 + (x+ 2y)2
)
.
b) The critical points of f are the solutions of
∇f = 0 ⇐⇒ 2x+ y = 0, x+ 2y = 0 ⇐⇒ x = 0, y = 0 .
Now:
H f(0, 0) =
(
2 1
1 2
)
.
Since (H f)1,1 = 2 > 0 and detH f(0, 0) = 4 − 1 > 0, the Hessian matrix of f is positive-definite at
the point critical point (0, 0). Therefore (0, 0) is a minimum point for f .
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MATRICOLA N.:
Exercise 3
Consider the functions
f(x, y) = 3x+ 2y , g(x, y) = x2 + y2 − 1 . (1)
Use the method of Lagrange Multipliers to find the extremal points of f subject to the constraint
g(x, y) = 0.
Solution: The Lagrangian is
L(x, y) = (3x+ 2y)− λ(x2 + y2 − 1) .
Compute the critical points of L:
{
∇L(x, y) = 0
x2 + y2 = 1
⇐⇒

3− 2λx = 0
2− 2λy = 0
x2 + y2 = 1
⇐⇒

λ = ∓
√
13
2
x = ± 3√
13
y = ± 2√
13
.
The Lagrangian has two critical points (corresponding to different values of λ). Since f is continuous on the
compact set {g = 0}, it admits a minimum point and a maximum point. Therefore the critical points of L
are the extremal points of f . Now:
f(− 3√
13
,− 2√
13
) < f(
3√
13
,
2√
13
) ,
hence (− 3√
13
,− 2√
13
) is the minimum point of f on {g = 0}, while ( 3√
13
, 2√
13
) is the maximum point of f on
{g = 0}.
Exercise 4
Given the area a, what is the rectangle of minimum perimeter? Justify your answer.
Solution: Call x, y the two lengths of the sides of rectangle. Then we want to minimize the perimeter
p(x, y) = 2x+ 2y
given the area
xy = a .
This problem can be solved using the Lagrange multipliers:
L(x, y) = (2x+ 2y)− λ(xy − a)
{
∇L(x, y) = 0
xy = a
⇐⇒

2− λy = 0
2− λx = 0
xy = a
⇐⇒

λ = 2√
a
x =
√
a
y =
√
a
.
Since we find x = y, the rectangle that solve the problem is the square.
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